Abstract. When liquid is added to a foam at sufficiently large flow rates, convective bubble motion will occur. Experiments are described in which the foam is confined in a tube which is tilted from the vertical. The theory of foam drainage is applied to this problem to show that the critical angle of tilt θc at which convection occurs is related to the liquid flow-rate Q by θc ∝ Q −3/4 .
Introduction
In the physics of liquid foams, drainage (the passage of liquid through the foam in response to gravity or pressure gradients) plays a central role [1] . If an aqueous foam is freshly created, it typically takes a few minutes to come into equilibrium under foams@aber.ac.uk ple system for experiment and analysis, both of which have been pursued extensively in recent years [2, 3] . There is a good overall understanding of steady drainage, based largely on such experiments. Only the finer details of the microscopic flow that underlies our semi-empirical theories require to be interpreted [4] .
When steady drainage experiments were pursued to high flow rates (and hence high liquid fraction) a new phenomenon emerged. The uniform flow, in which the foam structure remained fixed, was replaced by one in which there was a convective motion of the bubbles [5, 6, 7] .
For a typical polydisperse foam, the convective motion progressively deposits the smaller bubbles at the bottom of the column, establishing a vertical gradient of bubble size, which in turn suppresses the motion [8] . For a monodisperse foam, the convective motion continues indefinitely, so this is the usual objective of study in attempts to understand convection.
In the present paper we present a variation of the now familiar experiment: the column is tilted away from the vertical.
With such a tilt, convection is observed even at quite small flow rates. We are able to account for the convection in this case in terms of a simple theory in which it is seen to be driven by the transverse variation (across the column) of liquid density, in equilibrium.
This limited success may offer insight and confidence that the spontaneous convective instability in a vertical column can be adequately explained in similar terms. We shall return to that objective in a further paper.
The behaviour of the draining tilted foam is reminiscient of the Boycott effect [9] , which describes how the sedimentation of particles suspended in a fluid is faster in a tilted tube than in a vertical one. The explanation of this phenomenon [10] is that in the vertical tube the particles have to move against the static fluid. When the tube is tilted, the concentration of particles below the axis of the tube grows and the fluid rises above the axis. The convection produced helps the particles to sediment faster. An analogous situation has been found in granular materials where the flow of grains out of a tube is fastest at angles between 30
• and 45
• degrees from the vertical [11] .
However, although close analogies have been found in many aspects of the behaviour of foams and granular materials, it is important to stress that there is no trivial relationship between them. 
Experimental procedure and observations
A column of foam was created by blowing nitrogen gas through a syringe needle into a solution of the commercial detergent Fairy Liquid, and collecting the bubbles in a glass tube. We used glass tubes with diameter d =2.05 cm and length 35.5 cm.
The foams were monodisperse with bubble radii of r b =1.55 mm.
A forced drainage experiment was performed by adding the same surfactant solution at the top using a Watson-Marlow 505S peristaltic pump, which allows increments of 0.03 ml/s in flow rate Q. The result was observed for a range of tilt angles up to 25
• .
The bubble motion that is observed is the simple convective roll indicated in figure 1 . The downward-travelling side This type of motion has also been observed in the case of the vertical tube, but in recent work we have also found a cylindrically symmetric form of convection in which all the surface bubbles move downwards together and the return motion is in the centre of the tube [7] . at which the data were taken. For small angles, an increase in θ leads to an increase in velocity. At higher angles, we see that for low flow rates the velocity reaches a plateau, v lim , while for higher flow rates, the bubbles slow down slightly. In fitting the data to the ansatz given in (1), we ignore these points, which only affects flow rates higher than about 1 ml/s.
For the present case of the tilted tube, we observe only the simple roll described above, and for further analysis we characterise it by the velocity of plug flow on the dry, upper, side. The three parameter fitting function figure 5 is fitted using
as suggested by the theory which follows. The fit appears to be satisfactory.
It must fail in the limit of high Q, since there is spontaneous convection for θ = 0 at some critical value of Q, as previously observed. Using the variables defined in the Appendix, the cross-sectional area of the Plateau border A obeys
where Y is as defined in figure 1 . The solution is
where the constant Y 0 is as yet undetermined. The liquid fraction is then
with
As is intuitively obvious, an excess of liquid gathers at the lower side of the tube. If this were to reach the maximum density of a foam (corresponding to the rigidity loss or melting transition) the present theory fails and this should be a consideration at high flow rates.
Again it appeals to intuition that this density variation induces the convective motion; an explicit argument will be given below. In order to do so it must overcome the yield stress of the foam, below which it behaves as an elastic solid [1] . It will be the competition between these two factors that will determine the critical angle θ c .
At this point the cylindrical profile of the tube is a considerable complication, so we approximate it for the purposes of the present preliminary theory by substituting a square cross section, of side d, with two sides normal to the transverse direction. This enables us to write the liquid fraction (and hence the flow rate) as a function of Y only, and perform the necessary integrations analytically, to obtain the total (input) flow rate Q. That is, we integrate the flow rate in the Z direction, 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 Q Z = ρg cos θ A 2 /(3η l f ), across the width of the foam to get the total flow rate:
where the factor of (c 2 d/r b ) 2 represents the number of Plateau borders in any one cross-section of the tube with c 2 an unknown geometric constant. Thus
Stress profile
We now consider the forces acting on an element of the foam as shown in figure 6 . We assume that the solution does not depend on vertical position Z (except for neglected end effects).
In equilibrium, the weight of the foam is balanced by both the vertical pressure gradient p ′ and the gradient of shear stress on the tube wall. The condition on the stress S must therefore take the following form:
Here it is convenient to assume that the variation of liquid frac-
is approximately linear and write
, where we have chosen y = 0 as the centre of the tube. Solving
gives
The integration constant is found by imposing zero stress, S = 0, at y = ± 
The maximum stress amplitude is thus given by
The liquid fraction Φ l is directly proportional to the Plateau border area A, according to standard drainage theory, as in the Appendix. In the tilted tube, y is replaced with Y . Φ l (0) is the liquid fraction at the centre of the foam. Therefore, as in (4),
Now, consider the foam to have a yield stress S 0 which decreases with liquid fraction,
, where Φ c l is the critical liquid fraction of 36%
at which the bubbles separate (the rigidity loss transition). S 00 is approximately constant for small values of θ. At the onset of convection we have that
For small angles θ c ≪ 1, this results in
The input flow rate (7) may be related to the liquid fraction in the centre of the foam column from (4),
So (15) gives an implicit relationship for the critical angle θ c in terms of flow-rate Q.
To compare with the experimental data, we compute this to leading order. We expand the expression for Q to give
Therefore
We choose a value of S 00 = 0.06γ/r b [13] , allowing us to fit the experimental data through the geometric constant c 2 .
We find a value of c 2 = 3.96, giving θ c ≈ 3.17Q −3/4 . This is shown with the experimental data in figure 5 . It seems extremely satisfactory within this range of data.
Outlook
We have presented experimental data for convective bubble motion in a tilted tube, together with a theoretical analysis for the onset of the motion. While this is clearly a special case of convection in foams, it is nevertheless an important first step in being able to give a theoretical justification for the phe-
nomenon.
An understanding of convection is necessary to be able to take steps to reduce or eliminate it. An industrially important example is that of the flotation process, in which ore is separated in a foam undergoing forced drainage [14, 15] . The ore is carried up, out of the gangue, with the foam, and then collected.
Were the yield stress to become low enough in some part of the foam, either through increases in liquid fraction, flow rate or bubble size, then convective motion would cause the ore to be redistributed throughout the foam and the yield would drop.
The motion is, of course, caused by gravity, and prevents the study of uniformly wet foams on earth. The current generation of microgravity facilities (parabolic flights, rockets and the International Space Station) may therefore allow foam experiments and theory [16, 17] 
The constant of proportionality c 1 is, although dependent upon the precise structure of the foam, close to 5.35, and we shall use that value here.
In its two-dimensional form [19] , the drainage equation can be written
where the flow rate Q = (Q y , Q z ) is
where the geometric constants are f ≈ 50 and C 2 = 0.16 . 
